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A Formal Inverse to the Cayley-Hamilton Theorem 
CLAUDIA PRO~ESI 
We prove that a Q-algebra R with formal trace can be realized as II x n matrices if 
and only if it satisfies the Cayley-Hamilton identity of degree n. ( 1987 Academic 
Pres5. Inc 
0. INTRODUCTION 
0.1. The purpose of this paper is to analyze the following question: 
Given a ring R and an integer n under which conditions can we embed R 
as a subring of the ring M,,(A) of n x n matrices over a commutative ring 
A? 
The theory of polynomial identities sheds some light on this question: a 
necessary condition for the existence of such an embedding is that R 
satisfies all polynomial identities satisfied by n x n matrices (over Z). 
0.2. The previous condition is in general not sufficient (cf. [6]) and 
a complete answer to the embedding problem is not known; nevertheless 
there are some remarkable theorems known when one adds some further 
restrictions to R. We want to recall two basic theorems, assuming that R 
satisfies the identities of n x n matrices we have: 
THEOREM 1 (Posner). Zf R is a prime ring then R is an order in a central 
simple algebra of degree <n. 
THEOREM 2 (Artin). I” no ,factor of R sati$es the polynomial identities 
of n - 1 x n - 1 matrices, R is an Azumaya algebra over its center of constant 
rank n2. 
In each of the previous instances we can use the structure theorem for 
precise answers to the embedding problem. 
0.3. In this paper we take a more formal point of view. We con- 
sider the category of algebras with trace and will explain in Section 2 what 
a Q-algebra with trace satisfying the Cayley-Hamilton identity of degree n 
63 
0021-8693/87 $3.00 
481.107’1-5 
Copyright KJ 1987 by Academic Press, Inc. 
All r,ghts of reproductmn ,n any lam reserved 
64 CLAUDIO PROCESI 
means. (This setting is taken from the theory of trace identities.) We then 
prove the main result: 
THEOREM. A Q-algebra with trace can be embedded in M,(A), A com- 
mutative, if and only lfit satisfies the Cayley-Hamilton identity of degree n. 
The restriction to characteristic zero is almost certainly essential and it 
will appear in this work as connected with the theory of linearly reductive 
algebraic groups. 
This research has been accomplished while the author was visiting The 
University of Texas at Austin and the University of California at San 
Diego. I wish to thank Amiran Braun for bringing this problem to my 
attention, and also Lance Small and William Schelter for useful discussions. 
1. UNIVERSAL MAPS 
1.1. It is useful to formulate the embedding problem in a more 
categorical form. We recall some basic facts about the point of view of 
generic matrices (for more details, cf. [3]). 
Let us work in the category of algebras over a commutative ring F. 
Given an algebra R there is a universal map 
j: R -+ M,(A), 
A commutative. The universal property is the following: Given a map 
.f‘: R + M,(B), B commutative, there exists a unique map f: A -+ B 
making the following diagram commutative: 
R k M,(A) 
The basic although trivial remark is: R can be embedded in n x n matrices 
over a commutative ring if and only if j is injective. 
1.2. There is an extra structure associated with j. Let G = GL(n, F) 
be the group of invertible n x n matrices over F. For every commutative 
algebra B, G acts as a group of inner automorphisms on M,(B). In par- 
ticular consider the map rc,: M,(A) + M,(A) given by conjugation by g. 
From the universal property we have a map ‘pg: A + A such that 
ng .j = M,(cp,) .j. 
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Clearly if g, h E G we have 
ncyh ..j = 7ry 7c/, . j = nR ‘Mn(cp/l).j= M,,(cp/?).=;j 
= M,,(cpl,) M,,,(cp,) .j = M,(cph . cp,).i. 
So qKIz = (P,, (Pi and setting pn = n,. M,(cp,) ’ we have 
PROPOSITION. G acts, via the representation pn, as a group of 
automorphisms qf M,,(A) andj(R) is contained in the ring of invariants. 
1.3. A particularly important case of the previous construction 
occurs when R = F(x,JiE, is a free algebra. In this case A is a polynomial 
ring in variables <ci! i E I j j = 1 /.h 9 ). 1 If.., n, j(x,) is the “generic matrix” with j, k 
entry the variable tj;1. 
The group action can also be given a different interpretation. We think 
of M,,(A) as the ring of polynomial maps ,f: M,,(B)’ -+ M,,(B) defined over 
F (B any commutative ring) and the group action is given in the natural 
form .f‘“((xj)) =Rf‘((g l.~,f)).s ’ so that ,f=,f’ means that ,f is an 
equivariant map. 
We will return presently to the analysis of the ring of equivariant maps. 
2. ALGEBRAS WITH TRACE 
2.1. The notion of an algebra with trace is a typical example of 
ideas of universal algebra. We sketch some basic facts here and refer to [S] 
for an exposition which includes some historical remarks and bibliography 
(the reader should note the unfortunate transposition between pages in 
C5lh 
The necessity for introducing this notion comes from the attempt to 
relate the formal identities of matrices to the Cayley-Hamilton identity. 
2.2. If XE M,(A) is a matrix over a commutative ring A its charac- 
teristic polynomial is defined by the formula Xx(t) = det(X- t). The 
Cayley-Hamilton theorem gives the basic relation 
In characteristic 0 the polynomial Xx(t) can be computed using the 
elements tr(X’), i = 1, 2,..., n; for instance when n = 2 we have 
xx(t) = t2 - tr(x) t + f(tr(x)* - tr(x’)). 
The method is based on the formal recursive algorithm expressing elemen- 
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tary symmetric functions in terms of Newton functions, usually expressed 
by the formulae: 
f(t)= ii (f-fi), 
i= 1 f’(t) dl0g.a~) -= .f(t) df 
The formula can be used alternatively to compute the elements C tk in 
terms of the coefficients off(t) (in all characteristics) or in characteristic 0 
to express f(t) in terms of the elements C t:. For the characteristic 
polynomial of X one only needs to substitute C tf with tr(Xk). 
2.3. This formal approach lends itself to the methods of universal 
algebra so we set a definition: 
DEFINITION. An F-algebra with trace is an algebra R equipped with an 
F linear map tr : R + R satisfying the following axioms for a, h E R: 
(1) tr(a) h = h tr(a), 
(2) tr(ah) = tr(ba), 
(3) tr(tr(u) h) = tr(u) tr(h). 
2.4. Given an algebra with trace R (over Q), an integer n and an 
element r E R we can define a formal n-characteristic polynomial xy’( t) = 
n;=, (t - ti) setting Cy=, tf = tr(rk). 
In general this polynomial has no particular significance and it is 
introduced here as a test to see if R and tr are related to n x n matrices. 
2.5. We consider the algebras with trace as a category. Maps 
between such algebras are trace preserving. The ring M,(A) of matrices 
over a commutative ring is considered with its natural trace. Thus it is 
natural in this context to formulate the embedding problem in M,,(A). 
With respect to the general question from which we started we now have a 
further constraint, i.e., the embedding must preserve the trace. This is 
where the Cayley-Hamilton theorem will come into play. 
2.6. DEFINITION. We say that an algebra R with trace satisfies the n th 
Cayley-Hamilton identity if for every r E R we have X?‘(r) = 0. 
We can now state our main theorem in a more precise form. 
THEOREM 2.6. If R is a Q-algebra with truce satisfying the nth 
Cuy+Humilton identity and j: R + M,( A ) is the universal map we have 
j: R + M,,(A)” is an isomorphism. 
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Thus we not only have a solution to the embedding problem but in a 
way we also have an invariantly defined embedding. 
2.7. Before proving the theorem we need to recall more of the 
theory of trace identities. Let us assume F= Q and return to the construc- 
tion of generic matrices discussed in 1.3. Let B = M,(A) denote the ring of 
polynomial maps M,(Q)’ + M,(Q) and T= BG the equivariant maps. We 
indicate by xi the ith coordinate map, clearly x, E T. 
The main facts about Tare the first and second fundamental theorems of 
matrix invariants: 
THEOREM 1. T is generated as an algebra by the elements xi and 
tr(x,, ,..., x,), k < n2. 
THEOREM 2. T is the free algebra with trace modulo the n th 
Cayley-Hamilton trace identity. 
These theorems can also be expressed as 
THEOREM 3. T is the free algebra in the generators x, in the category of 
algebras with trace sati?fying the nth Cayley-Hamilton identity. 
There is a formal property of trace which is used frequently and which 
we need to recall: If a, b E T are polynomials independent of a variable x 
(we think of the x,‘s as variables) and tr(ax) = tr(bx) then a = b. 
2.8. We come now to the proof of the main theorem. This is in a 
way an anticlimax to the discussion since it is really a corollary of the 
previous theorems. Nevertheless it seems to have gone unnoticed until now. 
Proqf of Theorem 2.6. We present R as T/I where T is a free algebra in 
the category introduced in Theorem 3 of 2.7. We have the embedding 
TG B = M,(A ) with Bc; = T. We assume T has infinitely many variables for 
a technical reason (this, of course, is no restriction). Consider the two-sided 
ideal BIB of B. Since B = M,(A) we have BIB = M,(J) and J is a G 
invariant ideal of A. The induced map R = T/Z + B/BIB = M,,(A/J) is the 
universal map j of R in n x n matrices and since G is linearly reductive j is 
surjective to M,(A/J)“. So we need only show that j is injective; that is to 
say, BIB n T = I. The proof of this fact will use the Reynolds’ operator and 
will generalize the usual setting of invariant theory in the commutative 
case. 
The Reynolds’ operator r is the canonical G equivariant projection of B 
to B”. This is really functorially defined on the category of rational G 
modules and it is natural in the sense that given two G modules M, N and 
a G map ,f: A4 + N we have a commutative diagram 
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In particular for the algebra B we have the following identities: 
(1) If UEB”, DEB then r(ah)=ar(h), r(bu)=r(b)u 
(2) r(tr(a)) = tr(r(u)). 
Furthermore we think of B as a multigraded algebra by the degrees in the 
variables xi)s and r preserves the multidegree (in fact more generally Y com- 
mutes with the group of linear transformations in the vriables xi’s). So now 
assume a = C uiu,hi~ BIB n T, ui E I, ai, bje B. We choose a variable x 
which does not appear in the elements a,, ui, hi. We have tr(ux)= 
tr(C u,U,b,x) = tr(x! b,xu,u,). Applying r we obtain 
Now for each i, r(b,xu,) is an invariant linear in x so by the first fundamen- 
tal theorem we have 
r(b,xu,) = C s,xt, + 1 tr(m,x) rrik 
I k 
with s,;, iii, mrk, n;k E T. Thus tr(UX) = tr(x,, t,Z4,;S;,X+ z,k tr(n,,u;) mikX); 
hence 
u = c tj,u,sj, + c tr(niku,) m,k. 
Since I is closed under the race operation it follows that a E I. This com- 
pletes the proof of the theorem. 
We note a curious corollary. 
COROLLARY. If R is a Q-algebra in which r” = 0 for all r and a fixed n 
then R can be embedded in n x n matrices over a commutative ring. 
Proof: We think of R as an algebra with trace setting tr(r) =0 iden- 
tically. The equaon r” = 0 is now the n th Cayley-Hamilton identity. We 
can thus apply our general theorem. 
Actually we have never clarified completely whether we were using 
algebras with 1 or not. This actually is inessential but if we want to remain 
in the class of algebras with 1 we can add 1 to R, set tr( 1) = n and easily 
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verify that the new algebra with 1 still verities the nth Cayley-Hamilton 
identity directly. One should compare this result with [4]. 
We would like to close with some remarks on invariant theory. If G is a 
linearly reductive group acting on an aftine variety with coordinate ring A 
the general theory gives that the ring of invariants A” is the coordinate 
ring of an afftne variety where geometric points correspond to closed orbits. 
In fact if V= Spec(A), W= Spec(A’), and n: V + W is the corresponding 
map the fiber rt ‘(P) of a geometric point contains a unique closed orbit. 
In our setting T= M,(A)” and AC is the center of T. The ideals of 
M,( A ) are all of the form M,(J), J an ideal of A and the G invariant ideals 
of M,,(A) correspond to the G invariant ideals of A. We have seen that 
each trace stable ideal I of T extends to B = B,,(A) in an ideal M,,(J) which 
gives the universal map T/Z C M,,(A/J). So A/J is the coordinate ring 
of the space of n dimensional representations of T/Z. The correspondence 
1-r J has a particularly nice form for maximal ideals. Let me assume that 
the base field is algebraically closed. Let Zc T be maximal (as an ideal 
stable under trace). Then it is easily seen that T/I is a semisimple algebra. 
Contracting I to the center A” of T we have a maximal ideal, i.e., a 
geometric point P, of the quotient variety. 
PROPOSITION. BIB = M,,(J) where J is the ideal of the closed orbit in 
7.c -‘(P,). 
Proqf: Consider the universal map T/I C M,,(A/J). Since the points 
of A/J correspond to complex representations of T/I and there is only one 
conjugacy class of such representation (given the trace) we have that the 
variety defined by J is the closed orbit. To prove that J is the ideal defining 
the closed orbit we need to show that A/J is smooth. We take the 
infinitesimal criterion for smoothness: Let B be a ring, N c B an ideal with 
N’=O and p:A-+BIN a point we want to lift p to p:A+B. Now the 
composition T/Z--+ M,,(A) -+ M,,( B/N) gives a representation of T/Z; its 
image is a semisimple algebra S isomorphic to T/Z (since the traces of the 
idempotents are fixed). We lift a set of generators of S to M,,(B), obtaining 
an algebra S’ such that S’/S’ n M,,(N) = S. Clearly S’ n M,,(N) is nilpotent. 
Since we are in characteristic zero we know that there is a lifting of S to S’, 
U: S -+ S’. So consider the diagram 
T/I=S ’ 
\ 
•, M,(B) 
/* 
M,(A 6 M,,(BIW 
By the universal properties the map u factors and this gives, again by the 
universal property, the required lifting. 
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We may express the previous proposition in a more attractive form. 
PROPOSITION. The map I + BIB establishes a bijection between the 
maximal trace stable ideals of T and the maximal G stable ideals of M,(A). 
3. SEMISIMPLE ALGEBRAS 
We develop as an application a description of the ideal defining a 
semisimple conjugacy class in gl(n, C). 
Let x be an n x n matrix, it is a very difficult problem to determine 
a complete set of generators for the defining ideal of the closure of the 
conjugacy class of x (cr. [2, 71 for some conjectures). 
Here we want to show that for x semisimple the “obvious” equations 
generate the ideal, it will be clear that the method applies more generally 
for the orbit of an m-tuple of matrices (x,,..., xm) generating a semisimple 
representation and will be stated in this form. 
Let A be the algebra of matrices (with l), generated by x1 ,..., x,. A is a 
semisimple algebra, by hypothesis, with trace induced by n x n matrices. By 
the previous proposition the universal map of A to n x n matrices gives as 
commutative ring exactly the coordinate ring of the “reduced” orbit of 
C-x 1>..., x,). Now this universal commutative ring can be explicitly presen- 
ted: we choose generic matrices r, = ($2) and substituting the 5,‘s with the 
xi’s we impose all the linear relations expressing A as a finite dimensional 
algebra with trace. The corresponding matrix equations give rise to a 
system of polynomial equations which define the prime ideal of the orbit. 
For instance for one semisimple matrix A = @[x]/(f(t)), f(t) is the 
minimal polynomial of x and the trace is given once we give the elements 
ak = Tr(xk), or equivalently the coeffkients of the characteristic 
polynomial. Thus the equations are Tr(x“) = ak, 1 6 k < degf(x) and the 
entries off(x). 
These polynomials generate the prime ideal of the corresponding 
conjugacy class. 
4. FORMAL SMOOTHNESS 
Let us consider the category %?” of algebras with trace satisfying the n th 
CayleyyHamilton identity. Following Artin-Schelter [ 1 ] set. 
DEFINITION. An algebra R in 59” is formally smooth if, given any algebra 
S in %?“‘,, a nilpotent ideal N in S and a map f: R -+ S/N, f can be lifted to 
f’: R--S. 
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In the previous 2 sections we have used this property for semisimple 
algebras! 
THEOREM. R is formally smooth if and only if, for the universal map 
j: R -+ M,( AR) we have A, formally smooth (as a commutative algebra). 
Proof. First, assume R formally smooth. To prove this for A, given a 
map g: A, + C/N, C commutative N nilpotent we must lift g. 
Consider 
j: R + M,(A,) + M,( C/N). 
Since R is smooth we can lift it 
R - M,(C) 
I 
I I 
Mn(A,) - MAC/N) 
but then by the universal property of j we can lift g. 
Conversely assume A, smooth and let us give a diagram 
s 
+ 
R- S/N 
N nilpotent, consider the universal maps 
S/N - M,(CIJL 
R - Mn(A.1. 
We cannot apply directly the hypothesis on A, since J is usually not 
nilpotent. We need thus a further lemma on the Reynolds’s operator which 
will show us that “S embeds in M,(C/Jk) for k large enough.” 
Once we do this we can lift the induced map A, + C/J to A, + CJJk 
and we have a map R + M,(C/Jk) which maps to the invariants of 
M,(C/Jk) under the group CL(n). But S embeds into M,,(C/Jk) and by the 
surjectivity of invariants under surjective maps we must have that S is the 
ring of invariants also in M,(C/Jk) completing the lifting argument. 
Thus we have to prove the previous statement. We start with the trace 
ring T and a trace stable ideal I, let B be the universal matrix ring for T 
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and J= BIB an ideal in B. We know that Jn T = I and now we look at 
J’ n T. This is not necessarily Z’ but we claim that: 
LEMMA. Jktz2 n Tc Ik. 
Proqfi First, we make a formal remark. Suppose we have two trace 
rings T,, T, relative to generic matrices (x,), (y,). Suppose we give a map 
$: T, + T, sending the generic matrices y, to elements uj of T,. This 
induces a G equivariant map of the corresponding universal rings B,, B, 
and a commutative diagram of Reynold’s operators 
B,----+ B, 
I lr 
T,- T,. 
In particular let us add some generic matrices y,, y2,..., y, to T, and let T, 
be the resulting ring. Then if a,, a2 ,..., a,,+, E B, and U, ,..., u,, E T, we can 
compute 
first computing r(a, y, a, y, ... a,, y,a,+ ,) and then substituting yi with u,. 
Now Y preserves the degrees in the generic matrices so that 
da, yla2 .v2... y,a, + ,) is linear in each yi and a sum of invariants. We 
know the general form of invariants and we can say that such a value is a 
sun 
where each M, is Q monomial of degree dn’. Looking how the yl’s will 
distribute we see that each Mi can contain at most n’ of the y;s so that we 
get that M,, , has at least (k - t) n2 of the J’,‘s. 
Now, if we substitute for the y,‘s elements ui in an ideal I closed under 
trace we see that r(a, U, . . a,, + , ) lies in I’+ lk ‘)“’ and the power we get is 
at least Zk, if h = kn2. 
Now, we can complete the argument. S = TJI and S/N = T/L we know 
that Lh c I. We consider the universal map S + M,(C) and M,(J) = 
M,,(C) JM,( C). The formal argument on the Reynold’s operator shows that 
so that the S embed in M,,(C/Jh~“*). 
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5. REMARKS ON THE CAYLEY-HAMILTON IDENTITY 
Let 
P,,(x, ,.‘., “Y,,) = 1 &4AX, T.‘.> x,1, 
(T t s. / , 
where we set 
ddx, ,..‘1 x,,) = Tr(x . . 1, xII) Tr(x,, . xi,,) . . Tr(x,, . . . xJ x,., . . . x,.“, 
with 
a=(i,...ik)(j,...,jrl)...(S,...SP)(uI...u,,,n+l). 
This is the fully polarized form of the Cayley-Hamilton identity of 
degree n. We consider this as an element of the free algebra and set 
t = Tr( 1) (an indeterminate) in the free algebra with trace. 
PROPOSITION. 
and 
p,,(x, ,..., xk, 1, I,-, 1 ) = p,(x, ,..., xk) ’ &,k(f) 
fj&(t)=(n-k)! (t-fl)(t-n+ l)“‘(t-k- 1). 
Proof: First, let us remark that P,(x, ,..., xk, 1, l,..., 1) is homogeneous 
of degree k in x, ,,.., xk and each monomial M in x, ,..., xk is multiplied by a 
polynomial in t which has degree n - k and leading coefficient + (n -k)!. 
In fact the monomials that upon substituting xi= 1, i= k + l,..., n, give 
the highest contribution to the t power as coefficient of M are exactly 
Tr(x,,) Tr(x,,) ... Tr(x&. M, where i ,,..., i, -k is a permutation of 
k + l,..., n. Now if we evaluate this identity in h x h matrices k + 1 <h <n 
we do get the substitution t --t h and an identity of h x h matrices of degree 
k < h. 
Since there are no such identities we must have that the resulting identity 
is formally zero which can happen only if h is a root of each of the coef- 
ficients of the monomials M. But since each such coefficient has degree 
n-k and we have found n, n - l,...,k + 1 as roots it must be of the form 
-F(n-k)! (t-n)(t-n+l)..,(t-k-1). 
Now P,(x, ,..., xk, l,..., 1) = b(t). Q(x ,,..., xk) where Q is not formally 
zero and actually starts with the monomial C x0(,). I. x+) + trace terms. 
Since evaluating P, in k x k matrices with t = k we get d(k) #O we 
deduce that Q is a trace identity but by the uniqueness of trace identities of 
k x k matrices in degree k we deduce Q = Pk. 
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COROLLARY 1. P,(l, l,..., l)= &n!(t-n)(t-n+ l)...(t-- 1). 
COROLLARY 2. If R is a trace algebra satisfying the nth 
Cayley-Hamilton identity and Tr( 1) = k < n then R satisfies the kth 
Cayley-Hamilton identity. 
Proof: R satisfies P,(x, ,..., xkr l,..., 1) which is a nonzero multiple of 
Pk. 
COROLLARY 3. If R is a trace algebra with 1 satisfying the nth 
Cayley-Hamilton identity then R can be canonically decomposed as 
R = @l=, R, where each summands Ri has the property that, calling li its 
unit element Tr(1,) = i. li. (We will drop the summands Ri = 0.) 
Proof We have that t, = tr( 1) satisfies the identity (t - n)( t - n + 1). . 
(t - 1) so the ring Q(t,) is a direct sum of fields in each one of which 
Tr(1,) = i. 1, (some may not appear). This produces the required decom- 
position of R. 
SUMMARIZING 
A ring R satisfying the nth Cayley-Hamilton identity decomposes 
canonically as R, 0 R, @ ... OR, (where some Ri might be 0). Each Ri 
satisfies the ith Cayley-Hamilton identity and its unit 1, has trace i. 
In particular for the free algebra we have. 
The free algebra in the category $Y$ is the direct sum T, 0 T, 0 . . . @‘T, 
of the trace rings of generic matrices (in the appropriate set of variables). 
This actually corrects an incorrect statement in my papers [4, 51. But if 
we work with algebras without 1 then the free algebra is just the augmen- 
tation ideal of T,, as used in these papers. 
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